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Leptogenesis from pseudo-scalar driven inflation
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ABSTRACT: We examine recent claims for a considerable amount of leptogenesis, in some
inflationary scenarios, through the gravitational anomaly in the lepton number current.
We find that when the short distances contributions are properly included the amount of
lepton number generated is actually much smaller.
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1. Introduction

Explaining the observed baryon asymmetry is a must of any theory beyond the Standard
Model. Many candidates have been examined since Sakharov [[[] stated the three conditions
necessary to generate this asymmetry. In addition, a number of leptogenesis mechanisms
have been explored since it was shown [P that the lepton asymmetry can be converted to
baryon symmetry through sphaleron processes, for a recent review see [J]. The aim of this
short paper is to examine a recent claim of Alexander, Peskin and Sheikh-Jabbari [, f] for
a new leptogenesis mechanism.

The mechanism of Alexander, Peskin and Sheikh-Jabbari( APS-J) starts with the

gravitational anomaly of the lepton number current [f]:
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O (V=g JL") = oz hR (1.1)

where RR = %eaﬁV‘sRaﬁMR”)‘w and

Jpt = Z (le A", — er,er,) -
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In this expression [, represents the SU(2)y, lepton doublets and ey, represents the SU(2)y,
charged lepton singlets.! The associated lepton charge

QL= /d3:v\/—_gJL° (1.2)

'Notice that our expression disagrees with APS-J who write this anomaly equation as 8, (Jp*) =
3 -
RR.
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varies with time as

dQL 3 3 ~

The key observation of APS-J is that a deformation of the Hilbert-Einstein action of the
form:

/d4x (ﬁ\/—_gfuﬂt) RR) (1.4)

will generate a non-vanishing < RR >, which in turn will generate a non-vanishing lepton
density through the anomaly equation. In their work F(¢) is a function of the inflaton field
¢(t), assumed to be a pseudo-scalar, F(t) = F(¢(t)). Other effects associated with this
particular deformation have been considered in [[]-[].

The current J* is the low energy lepton current and does not include right handed
neutrinos. At energies above where these particles get a mass, it is possible to define a
new current that does not suffer from gravitational anomalies. This new current, however,
is not interesting for the purpose of generating baryon number, through spahleron transi-
tions, since the associated charge is explicitly broken by the neutrino mass terms. APS-J’s
computation gives
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where a(t) is the FRW scale factor during inflation, H is the Hubble constant at that time
and Mp is the reduced Planck mass, Mp = \/8—177:' This computation assumed
N
F(¢) = —5—+ 1.6
) = Tmi? (16)

where N is the number of stringy degrees of freedom propagating in the loops. The string
scale has been assumed to be of the same order of Mp. The net lepton number density
generated through this effect obtained by APS-J is

3 [t -
n= /dt < RR >
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where n = J?, € = %% is the slow roll inflation parameter, experimentally of order

O(1072), t; and t, are respectively the times at which inflation started and ended. Notice
that the integral over time is picked at the beginning of the inflationary era, and hence the
result is not sensitive to the time at which inflation ends.

This result is very sensitive to the momentum ultraviolet cut-off, APS-J chose it to
be the mass of the right-handed neutrino, arguing that above this mass the effect will
disappear since the current ceases to be anomalous. As we explained above, the leptonic
current that is converted through sphalerons to baryon number remains anomalous. Other
computations [[[(] have chosen the scale to be closer to Mp, since pseudoscalars are copious



in string theory. Although, a higher cut-off will enhance the effect it will also invalidate
the use of perturbation theory since more and more higher dimensional operators will
contribute significantly to < RR >.

How can we then make physical sense out of this result? The divergence found is the
result of the ultraviolet behavior of the field modes. These short wavelengths only probe the
local geometry around the point where < RR > is being computed and should not sensitive
to the global features of the space-time. Yet the expression ([.7) for n is the product of this
UV divergent contribution and the horizon scale H that represents long distance effects.
We believe that this result reflects an improper renormalization procedure. This puzzling
mixing, between long distance effects and the short distance effects, is reminiscent of finite
temperature Quantum Field Theory. In the next section, we will explain how a similar
issue first appeared in finite temperature QFT and how the puzzle was resolved in that
context. Readers familiar with this issue can skip to the next section.

2. Finite temperature quantum field theory

For pedagogical reasons we will briefly review this issue. The computation of the free
energy for a massive scalar field ¢ (mass = M), with a A\¢* interaction at a large but finite
temperature T' > M, generates at two loops a term of the form )\TQA%V .

This term involves a mixing between the temperature scale and the UV cut-off scale.
The UV dependence of this term is taken care of by 7' = 0 counter-terms. In particular,
at this order in a perturbative expansion, the zero temperature one loop renormalization
of the scalar field’s mass squared , insures the absence of this divergent term in the free
energy. In what follows we briefly recall this standard procedure with some additional
details.

A computation of the two point function in a A¢* theory, to first order in A, at finite

T [[] , gives:

I = 12AT &p 1 2.1
B Z (27)3 w? + w? (2.1)

which displays the announced mixing. In this formula w = (p* + m2)1/ 2 and w,, = 2mnT.
This expression is yet to be properly renormalized. The sum over all possible frequencies
naturally separates into one term that is temperature independent ITV*¢ ( vacuum piece)
and divergent and one term containing the Bose-Einstein distribution, II™" ( matter piece),

that is finite and temperature dependent.

I = Hvac + Hmat
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To regulate this divergence the T' = 0 mass counter-term is added to the Lagrangian.
The complete renormalized self-energy at T' > 0, at first order in A, is

a3 1
IT" — 12\ / b

Inserting this information in a two loop computatlon of the free energy leads to an
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expression for the free energy that is temperature dependent but void of UV divergences,
it doesn’t contain the mixing between short distance effects and finite temperature effects.
We do expect an analogous mechanism to be at work in the case of interest.

3. One-loop effective action

In order to get a value for < RR >, we will compute the one-loop effective action for the
lagrangian given in ([.4) using the background field method. We will treat F(¢) as an
external source and expand the gravitational action around a background g,,,,

G = Guv + Py
Given the symmetries of the inflaton-gravity coupling:
e diffeomorphism invariance
e F(t) — F(t) + constant

together with the fact that F(t) is a pseudo-scalar, the one-loop effective action compatible
with these symmetries will be of the form:

. 1 .
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where OF = ¢ D,0,F, and D, is the covariant derivative. It is possible that some of
these terms are related by field redefinitions but we won’t concern ourselves about this issue.
The omitted terms will include higher powers of the fields F and §"¥, as well as derivatives
acting on them. The coefficients a; will be dimensionless. When divergent, the value for
the a; are background independent [IJ]. This latter point is rather important, because
the renormalization procedure is based on it. On physical grounds we do expect different
backgrounds to have a common ultra violet behavior since the short distance effects are
insensitive to global features of the space time. This will not be true of the finite terms
which include effects from long wavelengths. For illustration purposes, in appendix [A]
we have included the explicit expressions for the graviton propagators in two different

backgrounds: flat (A.4) and de Sitter (A.§). Their dominant short distance behavior



agrees by design. We would expect these two propagators to start to deviate from each
other at distances of the order of the de Sitter horizon and bigger. This effect is reflected in
the expression for the effective action. For example, while in the flat background, strictly
Guv = Ny, the action will have only one term proportional to (OF )2, in the de Sitter case,?
this term will be multiplied by an infinite series in powers of (H/Mp)?.

The action ([[.4) is non-renormalizable and the loop computation that we wish to carry
out here is only consistent if it is understood as an effective field theory computation. The
procedure is similar to the one followed when one calculates higher loop corrections to
the non-linear o-model for pions at finite temperature. The only additional challenge is
regulating the theory while respecting general covariance.

Dimensional regularization is well suited for that purpose, however it obscures the
mechanism by which the power law divergences cancel out. A momentum cut-off does
violate general covariance, nevertheless the symmetries of the system at hand will dictate
the structure of the counter-terms.

The one-loop corrections to the action will, both in the context of inflation and pions
at finite temperature, include terms that involve power law cut-off dependence multiplied
by the Hubble constant (in the case for de Sitter) or temperature (in the case for pions).

The challenge as we explained earlier in section [}, is how to disentangle this peculiar
mixing of scales. For example, in the case for de Sitter there will be a contribution to the
action among others in the form:

Ay H?

27 (OuF"0,) (3.2)

where H is the Hubble constant. The resolution lies in recognizing what the origin for this
term is, when considering the effective action in a general gravitational background, and
then evaluating it in the specific geometry at hand, in our case deSitter space.
There are in general several terms that will contribute. The original terms in the action
that leads, when evaluated in de Sitter, to the kinetic terms for F proportional to H?, are:
Aupv? A}

A (0uF 3" 0,F)R ML]%/(OH}'&,}')R“” . (3.3)

These terms are taken care by counter-terms and for this purpose the reader can think
of the effective action for gravitons in flat space.

There will then be left over contributions that in the de Sitter case will be proportional
to

A HY HS
uv ~ ~
T (OuF§"" 0,F) and M—g((?u}"g“”&,}"). (3.4)
The quadratically divergent term will be taken care of in a manner identical to the
preceding discussion, which then leaves over the finite term. This procedure is general.
The astute reader might wonder whether there could be finite contributions that in-
volves a scale M = X?2/Mp other than H, with M larger than H. The answer to that

2We are assuming a de Sitter metric of the form ds? = —dt? + e?*dz>.



concern is no. Ex absurdo, if this was the case, this would mean that there exists a new
mass scale X between the Planck scale and the height of the potential during inflation.
Integrating out this scale will then generate contributions to the action in general and
modify substantially the potential for F in particular. By fiat, such contributions to the
potential are assumed to be absent.

In addition, the left over skeptic should consider the case of pions at finite temperature
T,T < fr. The same procedure takes care of the power law divergences and leaves over an
effective action for the pions that does not contain any terms involving a mass scale other
than T and f.

The absence of the power law cut-off dependence in the action as discussed above is
automatically realized in dimensional regularization. However the discussion about the
absence of a new scale is still necessary to complete the argument

In dimensional regularization, the first non-vaninshing contribution of the interaction
term ([.4) to the term in the one loop effective action that is quadratic in the field F will
contain eight derivatives, since in the UV region the momentum of the field F is the only
scale in the problem. The infinite contribution can be cancelled by adding the following
counter term to the lagrangian

AL = <—01% + cop — cQ> (O*(F))? (3.5)

cor is the renormalized coupling and e is related to the dimension of space time as d = 4—2e.

Likewise, the vertex ([.4) will contribute to terms in the lagrangian of the form:3
R"F?, with n at one loop ranging from 1 to 3. Following a similar power counting pro-
cedure? the first finite contribution will be schematically of the form R"9%~2"(F F). In
agreement with the discussion above, for example, this interaction will not produce terms

of the form (B.3) but rather

1 i 1 y
The ultimate goal is to determine which of these terms makes the biggest contribution
o W (7]
RR >= : 3.7
Y2y (3.7)

The part of the renormalized effective action that depends on the field F(¢), in a
Friedman-Roberston-Walker background, can be written as:

W[ﬂ:/ . “3(’5)]\41]34{% <d4££t)>2+a2R<d3£§t)>2

o B2 (dQ}'(t)>2+a4R3 (d}'(t)>2+”_}. (38)

dt? dt

3The notation is schematic, R stands not only for the scalar curvature but also for the Ricci tensor.
4There are four derivative on each vertex



4. Lepton number density generated by the inflaton background

In this and the remaining computations we should restrict the background to be a space-
time metric of constant curvature: Minkowski or de Sitter. From (B.7),

- 1 din L, dF
< RR >= x Zdt4 — [— )"a3(t) a1 R prr=

To compare this result with the one obtained by APS-J we need to determine which
of the terms in the expression above will give the biggest contribution. Assuming F(t) to
be of the form ([[.4), and assuming a slow roll approximation, that is Wf < (dd))” the
dominant contribution will be

_ 1 d dF
RR >= — R? : 4.1

R V¥ [a()% dt} 4.1)
The different dependence in the scale factor between this expression and ([[.J) is due to
the different definitions of the current. The contribution to the lepton number density,

n=JY, (L7) is:

A(a3(t)n) = % /'te dt < RR > (4.2)
") = G ety VP gt (1) (43)

where N, represents the number of e-foldings. This result should be compared with the
entropy density at the end of reheating. Assuming that reheat is instantaneous [H], that is
the reheating temperature is given by the equality p = 3H QMI% = 7129, T*/30 , the entropy
iss=23 gi/4(HMp)3/2. The predicted n/s ratio will then be:

n 1 174 A4 H
~ =225 (ﬂ) 4\/_( 372 (M;:) (4.4)

where H = +/A/(Mp+v/3). The observed baryon density ratio is n/s = 2.4 x 10710
WMAP [[[4] has put an upper bound on the scale of inflation to be AY* < 2 x 10'°GeV.
With these asumptions:

/4 1/4 u
n_ o () (V26 (N (100) A
5 = 16l ( 1 ) <1ol> <100> ( g« 2 x 1016GeV | (45)

5. Conclusions

A deformation of the Einstein-Hilbert action of the form ([.4) will change, during a pseudo-
scalar driven inflation, the total lepton number but in an amount that is too small to explain
the observed net baryon number, even when the free parameters are stretched to the most
favorable limits compatible with experimental bounds.
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A. Propagator in de Sitter space
In our notation perturbation theory is derived from the expansion
G = Guv + by (A.1)

where g, is the background metric. In this weak field approximation

1 { Oy Oy, Ohn O }

R)\;wm = (A.Q)

2 | zrdzt Oz 0zt Oxv Ot + Oxv Oz
In the Harmonic gauge, the form of the graviton propagator around the Minkowski
background , g, = N = (—, +,+, +), is

1 1

T OMpZ K2 —ic (uatlup + ugtve = NuwTas) (A.3)

Puu,ozﬁ(k)

where Mp = \/8—1”—6, is the reduced Planck mass.

In coordinate space it can be written as:
1 4 1
Mp? 42 o(z,2')% — ic

Dul/,aﬁ(x7 x,) = (nuanuﬁ + NuBNva — 77;w77a6) (A'4)

where o(z,2')? = . (z — )" (z — 2/)".
We will assume the Friedman-Robertson-Walker metric for de Sitter space:

ds* = —(dt)* + a(t)?6;;dz"da’
where a(t) = ef*. As always H = v/A/(Mp+/3). The expressions that will follow are more

easily derived in conformal time.
1 1
Ul il L
Also in the Harmonic gauge, the graviton propagator following [[[J] is given by,
D (o) = i _t__a(maly)
Mp? 42 Nz, 2')? — i

L 1 a(maly)
Mp? 42

p (77;1,0:771/6 + NuBMva — 77;11/77046) (A5)

[HQ)\(CC, CCI)2 + ’L'€] (gpagyﬁ + 5M5(§l/a - 77#1/77046)

where A(z,2')?> = —(n — 1/)> + (z — 2/)*> and a bar over the tensor d,5 indicates the
suppression of the zero components. This propagator is derived with the constraint that it



match the flat space propagator in the limit of p/(1/H) — 0. More precisely, the part of
the propagator that is proportional to (1uanvg + MusMva — MuwNag) must be proportional
to (1—2)~! as uH — 0. The other terms must either be finite or diverge more slowly than
(1 — 2z)7L. The variable z is related to the geodesic distance between two points through
the relation:

H\? 1
2(x,2") = cos <,u7> =1+ 47777/)\(.%'73;'/). (A.6)

The de Sitter propagator (JA.§) reduces to the flat propagator (A.J) in the limit H — 0.
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